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Numerical Models of 2-D And 3-D Geophydcal Convection
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ABSTRACT

A suite of computntiond moddx hes kn devdoped
which simulrntethermnl/cflemical convection overs wide renge
of Rnyleigh numben both in 2. D annular and 3-D Cuteaian
gewmctries, fur small Reynolds number flow, and s vwiety of
boundary conditions, Thewe -Imulmtorx are revealing tk pat-
trrns of amvection Lhnt mny occur in the earth, from man-
tlr hrdc dowm to mme ]ocdiml regirmn ouch M mid-octmII

qwrading rrntrrn, rm down 10 the xmde 04 m~m chnmberx.
Frnturrn such as mrrfncr plmtrn, vmiable viscmity d chemi-
rnl Imoymnry cnn havr n drumntir impmct cm convrrtive pnt-

trrnN compmrvd to IIIUWmrenin nimple, comtrmt in-operty,
frrr m flxvd mrfnre tiyntcum In mnat r~m, the nordinmr
{Iymmicp ~lf lhrmr II~M~(*lllNdrrivr from thcrmd und chruli-
rn] [orrrs, rnthrr tlum inrrt inl. Thenc mortek ran be uwr!
f(I S1U(!F pvwrnl fral urrs WI(I dynnmirx of rrmverting vixcoun
tll 1111*.IA rAII ILMIIw mm! to conntrNn puenib]r I@Ma-

( ICIIISfor gmIpli) ~ird olnwrvnt ionn mrh nrIhrnt flow, gmvity,
l(lllll~r~ldl)’, IllmlP nplW’& ~ld kkl)k (fIfitrihutk)llk (’@ill-
~IIItINi~md rrnourrrs hnvr rrruhml a Irvd nt whirh numerird
hl,1111II111A~lf rOlllldFX Ilrlll’WWRMr frIUihk,

v gl IIVIlml11111111nm-rlrrnt ilm Infna
r rn,hu+ 11)
t t inw -r
II “ h,,ri~lmlnl A,r.ily ill r dirrrtion ill 3 1),

rndml vrlr,rity III 2 [) Ill/n
In Il,):,tt,tltti vrl,,rif,v ill ~ dirr,”li~m in 3 l),

n~llmlllml vrlIII.Ily ill 7 1) Ill/n
11. w’llwld vrhwily III : Illtrrl IIuI ill 3 1) m/n
J qlnllnl II UIIWM.II; Ill
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subduction of dabs with mbsequcnt delamination. In each of

thrse casm, the flow is E1OW,ie, eaaentidly inmtidrss. but
the thermal and chemical sm.rcture may be complrx, ●-g.,
high Fbwlrigh number and presence of tw or more fipecien.
LISUIIIIY,nnAYtiral solutions for the governing quatiom ~

nut hmilaldL’ and numcriral approximations sue used.

N’i:ll-mnm+vm.f numeriral methods are required to adquately
rcsdve the trmmim,t,turbulent or highly convoluted flow pnt-
trrnrnmd t~mprrat urr/concenr.rat ion otruct ums that ce.n d-
vrlnp in th~ models. Th~re are Hvera,I numerical approxi.
nmt it-m rnrthoch that can b uwd, e.g., fkitc diffcrcnccs, tl-
nitr dmmnt~, adapti~w mesh-, the LagrarIgien appronch, or
sprrtrd repremntations. Thr npproach te.ken here h 10 UJW
front tracking sckmen in mnjunrtion with highmrdm finitr
di Kmcncc and npcct rd met homologies, Finite differencco are
fairly sirnplc comprrd to the other approarhea, nnd cam br

higldy nrrnmtr if rlnnr rnrefully. Rent trnrking methods can
folhnv tmh-nctdc utruclure or irrcguhdy shnprd fcnl ures sllch
M mlldurtill~ slabs thnt mny not move in n dirertion thnt is
alignrd with computntiond zones and arc difficult for finitr

dikkwccn to tre~t. TrIgrthrr, these mrthorh provide a vcn
pmwrful wrIy of simulating rompkx flows. TIUII pqrrr will
drsrrihr t IIC tinitr difkrrnrr d frrmt trarkihg algorithrnn
UW.LI,IuItl prrsrn! tkv npplirntionw

hfODEL

Tho govrmiu~ rqunti~mn for rrrcping fknv with rhcmir~ slrnt-
ifir~itit-m nrr li~tml and drsrribrd here. Thin trrntrnrnt nr-

g)rrl x romplirntiolls Rucir ss tmnprrnturr deprnknl vincnw
ily; wIrlI frat.lmm 1A tII sn mlditionnl srt of ronsidrrntirrns

fllr nlmmrirs.1 nwtllt,,ls. Thr rmplmsis in tlli~ short pnprr is
1111IVmvrrt IIIg xyhlrmh IIf imlnimc~ldr 14prcirs with nnfl wit lx-m!

pl:lflw

FIII II tw41 qm’im, i.wwiwuls !lmv suhjfvt to rI Dm:ssinrnfl

nlqjr, IXIIIIJII11111ftII lhrrlmd nml rhrmirrd Imoynnry. IL Ktrrrw

fum”fi(u, vl!rtirily f[)rllllllnlioll rnrl tw lInml, rrsulling in thr

[III]INXIIIKrqIIIil i(m w’! (WW”,r.g., (’hrinlrnnrn NId ~wn, 1084):

fIIl 2 1) mrllllli,l.

[)* [)*
11 , 1,Vitli ih

fmll:1 1) rlll 11%11111Evtllllc’tIy,

(1)

(2,1

(3)

where thermal Raylcigh number J?. = rt~gATHa/m ad
B = Ap/p/aAT is the ratio of chernkd to thcmml bu~-
sncy, T is temperature, C is ronrrntration, II is the utrcnrn

function in 2-D, r is the velocity potential in 3-D, a is ther-
mal expnnsion crwfflrit?nt, and Af = PI - PJ, the rfifferrnce
in density brtween the tw. sprcics, AT is tcmpemturc dif-
ference betwrm top and bottom surfaces, g is gravity, H is
depth of the system, x is thcrmd ditlusivity, and II is kirm-
matic viscosity.

Density is given by

( A/l
P= Po\(l-nAT” T+-, c

P )
(5)

The mm-dimrm~iomd ermrgy rquntirm in conwrmtivr form is

wheru D in t% rate of bent prorlurtion from radirrnctive de
cay. For NI incornprcasildr fluid, the cormrr.ation rquntion of
sprrim is -

(7)

whmv D{. is mnterird riiffunivit y, on thr orcrr of 10-12 m’ /S

( Ilnffmnn MI(I Magaritz, 1977) or IWI in the cdl’s mmtlr,
mmf K in on thr ordrr of 10-a mi/s ( McKcnzic, Mmrts and
lVrins, 1974), so thnt thr right hand side of rqn, (7) in :lrg-

Iigil,k, sA thr rquntion i~ rwsrntinlly sn arlvrrtivr tranqmrt

rqunt ion. Thr ratio D(I/R in l/L~, whrrr Lr is tlm Lewis
numl)rr,

NIJMEIUC:AL SOLIJTION

‘IVIPrrgic)ll U( intrrrr4t iN Iirht divid4~l 11110n uniform nlrsh of
IW]IM.I’%wrnt prnrtird Illuil (III thr mwinmm riizr of 44mrdl

% n}nmt 5(N),()()()rrllH on ~ C’RAY- ,Xhl P. ?tIorr mII hr unroll
hut oII]y if hnrdwn,rr nurh m ndid stnlr di%knor m vmy ]rugr
rimlplltrr mm-h m n Cl{ AY-Yhll) nrr nvnilrddr. l’hr nolulion
tlf rqunli, ms ( 1~nml (3) iti rrlntivrly strhighl f(~lWIUIl III ? D,

khlII ( 1) irnIIhIvl. It is Fluwirr trnldcmmwl ill IIIV @dirrwtiotl.
Ivnvlllg n IxrIldIId }mir t}f WWIIIIIltndrr ordin .ty dif%rmtinl
rtlllnt i,mn for tmrh wnvr numhrr. (’mllrrrvl dilhwncing of
llIIw quntiim~ rrNIllln ;II n ml 1# Iriclingtmnl nmlrix rqun

tif,n~. WIIICIIrnll Iw IUIIWWIwry fsmt, A hnrk trml~f(mn i~
WI*IIrxvrlltrcl ttl @ 11111Htrt,nrll function nod tlIrII thr w,
IIWII)’, III 3 l), F4111(3) iw trnrl~ftmllrd twirr, firql ill thrJ
ilillmllnifltl, llIrtI in f III. y dlllwllsi!nl, m~lllt ing ill n 41II lir
IIPI III IIIIImy difhmmtin] rqunll(m fIII mu% wnvr IIIIIIIIWI Imil.

( ‘mIt Iurd ,lilhmmrill~ IOMII15ill n llt’lllnilil~g,,lllll 1111111IXWpIII
111111III ruIl\I, ftm 4.IICII wnvr IIIIIIIIIrt Imir ‘l”lw w,lllli,]ll (If

I hrw nlr IIJIIk lIm. dII tIIIWl III III ItmtI 1’ nll{l IIwll llw VVlIIIo
IIIIIS TIII. lWIIIIIVIItIItISWIIIIIIIIII, 11111 (Ii), i%*tli.lly fillill’

IIIIFIISIIIVI f{IlwnlI! III 1111110.IUIII IIIlr~IIltI*Il ill qIIII I,, wIllI n
~rIIWII !I!llll+lvity III C,III IIW.I III IfIIOI ithl tllxlwq~lt)ll



The ilrritc difference rumlogue of Eqn. (6) for temperature is

+D (8)

whine Q = V , Zi’T, and IVf is the number of fsces (4 for
2-D, 6 for 3-D) cm a cell, Ail is the volume of ● cell, A i-
CCIIIface mea, nuperzcript n refcm to time kvel, and subscript

Ijk mfcrs tc cell location. The integr.us on the right hand
sidr of Eqn, (8) arc ●valuated at time level n over each face
[tf n comput atirm~ cc]], TiIc last intcgraf term on theright

hnnri sidr of Ecpl. (8) is required to make the flnitr diffcrcnm
form rq>proach the solution of the diffcrcntisf quatirm. It in
n rorrcrtor trrrn tn cancel 0( At)emr introduced by foward
time diffemncing (Hirt, 196S) of the lefthsnd si& of Eqn,
( G). It csnrelm (almost) the numcricsf Musion introduced by
thr finitt difference form snd provided approximately O(Atz )
nrcurncy ( Rsmshaw mnd Dukowicz, 1979; Msrgolin snd Smo
hrrkirwim, 19S9), The integration of thefirst intrgrd on the
right rquires rrpecird treatment, Over cd. cell face, velrrcity
is n bilinrm functirrll Ixtwecllthevdun b“ cd corners, and

trmlwreturc is n qunrlrntk, The form for T in 2-D annular
Kr’omrtry ovrr rI {am prrprndicular to a radius in

(1 =T, :1 )( Ar )+n(e). At) + T,+ly -u(e), At (9)
.

t = IW,,+l + ( 1- O)T,, (lo)

~llrl r t?is frnrl II}Ilnl tli~l nll(.r ill thr ~i:lluth~ di~ti[]ll frl)nl
1111111.I III IIIMIV ) + 1, Ar k wII Wklth in thr dirrctiim pcrprm
lll~vllnr III *. I In(lirwlm rrll numlmr ill thr r dirrrtion mid J ill
IIII,# Illrv,.t MIII, IUIII II h lIIIrILI ill (). A r[]lnplrlrly mInhIgIIIIrI

rxlm.ssiim Ir. usml nvrr fmww ill t Iw pmprndiculru rlirrrt ion.

“~tm IN n high ,mlrr UpIIIIl rwlwmr, ron~intmg of rI 9 poilll
Mtrnril in 2 D ILIM1 m 27. plint mtrnci] in 3.D, Mlrl is vrry nr-
rllrhlrl, ()(AJ’ ) ( lhmrll~., 1972), WINWu~l ill Equ, (S), Thr

llltr~.lnt nnl {~f Fflln. (R) imcxsrt uninu two Irnrinf (in rmrh di-
IIIPIIWMI)C;nunsiml qmulrn~mf. III 3-D, E4111s. (9) ruul ( 10)
111.qIIIIr IWI, (Iillmllnit}lmldrprHIlrwy, tmtotherwim tlw ap-

~IIIIIIIo]IIh i,irnlirrd. AII importnrll frnturr of ttlin mlution in

I Iml IIIIrM 111111rnrr~v xrr romwrvml, Thin in frrqurntly M in}-

I‘1lrthnt Ljr nrrwwy M th flmnrd Irunrntion rrror ( I{ IIsA,
1!1,:1)

FRONT-TRACKING

The primary advantage of front trscking methods is th-d they
can follow interfaces even when they becomes highly convct
lutcd or dkonncctrd.Hem, highly dcformdde rnrr.rkcr chain~
and marker surfaces are used to follow the evolution of con-
vsctiorr in a system of two immiscible mnterials. In 2-D, th~

interface consists of a string of particles whose velocities srr
&tcrminerf by interpcdatimr from the velocity VSIUCScom-
puted at cell comem. Points cmI be added or delclcrl; otrings
can split or merge, srJthat a collection of srbitrrwily shrqml,

disconrrated regions can be followed. The criteria for adding
and deleting points involve the upsration bet-n successive

points and the load curvnture. In 3-D, the in~erfacez con-
sist of shmts of rxmnected trirmgk. Rules for sdding and

subtracting triangles, and splitting and merging zbmtn MC
more involved thzur in 2-D, and include tests on the area and
ratio of dtituden in each t risnglc (see, ●.g., Dritrrchel, 10SS;

Schafer- Perini, Wilson snd Perini, 1990; Schsfa-Perini srrd
Wihum, 1990), Fbrwsrd and imckwsrd link lists are used to

rearce computer memory and run time, Calculation of thr
concentration of esch specie in csch finite difference mesh cell
is nc~xled for the buoyancy term in Eqns, (1) and (3) srrd is
de~enrrinecl by a careful calculation of the volume occupicxl
by each specie in esch mesh cell. This requires n tabulation
of the psrts of each chain or ohtwt that lie in each mmh cdl.

Thin approach greatly reduces the utiflcisl mixing that oc-
cum when using ordinary finite difference or firritc elenmnt
trmsport solutions. Exsmplrs of rrurncricaf mlutionz src prw
rrcnted nnw to illustrat( ~these procezszs snd solution mcthod~,

EXAMPLES

(1) $D Convection - Effect of Platen and Internal

Ileat Ing

Two of the most impmt~lt ftmturrs tircting mNItk mm-
vrrtion in tt,r esrth sre thr prrnrnm of r,mfncr plnlcw arid

production of heat from dmny rrf rL Iiosrtivr elrmrnts ill thr
intrrior. %mplr rsfru]ntions Ur prrwntvd illumtrnlinz thrrw
dfrrl~. ‘l%r first nimulntirm trrnt~ trrtollir plntrs: t }Icy Wr
Renrrnlly hnndlml hy nrplying n rrlwritjrtl vclutit y firi I at thr
RIIrfSCPm hy drtrrminihg thr nhmr ntrrris OIIthr nurf ,rr nnd
fimlinx a mlf-cmuiimtvnt ourfsrr vcluril y form ( Gnldr, 19S9).

In rilhm crrx, a plrrtr in M upprr hounrlruy condition mmfi
firntion. IWrz ron:rd lIICHcsh of tl:o umh,rlying mmvrrting
n~ntrul. Fi~, i contrmrtn 3.1’) pnttrrnrn ~’ith .~wl withmd n mm
fncr pllltr. In troth VW, n 1 x 3 x 3 hox z(wurt ry wr~ UR4VI,
mlrl a zoning of 24 x 72 x 72 nw~h rrllw Thr 17nylrigh numlwr
wm Mt nt IOq. ]11 tllr first, n IIIILIISin nprrjfirrlt I:l(willg in tlw

+ r dircrl irm M h qmtvl of W) (11011flilllrllkit~l}ldiz(wl, rorrr
Rponds k n rrnl nprrd of srvrrrd rm/yr, m thr rrulqr of hrl Iml

plnfo m),In tho mroml, UIIIupprr mrfnrr h n frrr RIIIIIxmml

nry, III lroth rnlrulrrt ilm~, t II(I11111lmII rrIII (hrr im friw dill MI(I

llw ni+n rur rrtktivr Iilitml r(mdililms ffrr lI:Ilh rnk ~ nrr
n romllwlivr trnlnwnturo pI~IMr ~Ilusn lIrJIIl{mI Iwrtm-lmtl(lll
with Imrxinmm Whldit mlr rlf 1)01. III l“iK. I, n hl’x~tnml
Imtlrrll in nmIII ill 1111,lrllllwlntlllr. Rlrllrtlllr. ‘l]li~ in IIII]y
(}llr Ijlmnild(. Illrlrir; llIr illit inl rc~ll(lit it)lls nrr nlwj imlj{lrll~lit

in llvlrrmillill~ lIw Ihml lml ttvII w~vl itl 3 1) gvrmh,lrivh (w



Travis, Olson and Schubert, 1990). In Fig. 1, the 9W field i~
completely different; it in now orgcmiztd into long rolls pNual-

ld b the direction of motion of the plate. Tk long roll-like
structures may provide a basis for explaining lineatiom seen

in gravity maps of the large Pacific plate.

s

Non dimrrmirmnl tcmpcrnturr surfucen of T=O.35 (up-
prr SImflwr) and T=0175 (Iowrr ) for convection in n i

X 3 x 3 IMIX nt Rayh-igh n~mhrr of 10s with nurfnrr
ldnt~” Plntr is mm ing from right to Irft at vrlor
IIy of 300 (11(}11-diln~llsic~rld) (b) Nell.diillt’:lsinlld
Imli,wnttlrr Murfnrm of T=O.25 (upprr) n,nd T=().75

( Ilm’m ] lnlflm rmmr r:,,dit irms m (n ] rxrrpl thnt mm.
fnrr ldnlr tuw Iwrw rqdnrrd lJy n frrr murfnrr (no
rdir’ili I riuulit i(m. FIIWN iu Ixlth CnMWhnvv rrmrlwd
n slmldy Gllllr

ing flow (Fig. 2NL)consists of an almoat oteady, qmke-shaped
pattern of connected upwelling and downwelling ndgra, about

equal in magnitude. The upwdling mystcm in offoet m that

downwelhg ridga are roughly perpendicular to theupwelling
pattern. In theaeumd calculation, internal heating WM dderl

to simulate radioactive decay in the earth’s interior. The re-
oulting flow pt tern (Fig, 2b j is rmw very differtnt; down-
wdling plumes and ndgex form and breakup on n fairly rapid
timeude. UpWelling in diffuse and poorly organized. The im-
plication is that tke ndgea and downwelling plumeR are im-

portmt factors in controlling where and when plates subduct.
Rayleig!l number based on intemd heating was 1,8 x 10°. In
the firot simulation, a conductive profile with a 0.001 rondom
perturbation WM uac i M the initial temperature field. The
mrc.ond waa -tarted by ~tting D in Eqn. (6) to 12 at time

0.16 for the flow field of Csse 1. The flow cakdated in Figs.
(2B) mnd (2b) agreed quite well with experimental oheervrL-
tion, both in termxofthe flow patterns seen and in terms of

the rate of change of the pat” xns, providing a vdid~tion of
the numcricd model.

. ..
---—___ -.

x “.
---—-. ___

- ---- !
Fig, 2(n) ‘Irmprrnllwr nurfnrrw IIf T= 0,25 (ulqIrl ) MI(I T=.O.75

(Itrwrr] for Convwti(m in n 1 x 3 x 3 ISIJXIII I{nylrigll
mmllwr llf I 5 x 10s, mI inlrrtml lIrnl IIIE nwl ml
hlill II IIIIIq rml lI\wI,t hIImIdruy rmclili(nlk, FI(IW m

nli~htly Iimr ilq]rnflml ( II) Snm. gPImw41y nml

l~l,lln[lnry rImIIIt 11111*,11111IIIIW Willl intrl nnl Ivwl

IIIK IL* Al m tMItlIMII kntmg I’l\tll,lll 1$ tllllr

flvllrllllmll
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ring). I{@ igh munhm in 10’. Mmh mmnints of OGrdh in tlw rmdid dirrction am! 7G8 in tlw angular dirertion.
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3 !Idliou ,yrnrmfor mum rakuhtitJn aw (m) - (r) hul with fhlitf’ diffrmnrr rndulilm IJf Eqn. ( 7 ) dww mlhrr
thnu rmul)inrd with %IJllt trnrkiuK. ovmnll ntr-urturr in mimilnr to thnt fJf ( r ) Imt mi~niflrnuf diffrrrnrrw nrr
drvrl~)luilg nnd Rinw.11wnlo ntrurlurr In quil~ iliffmrnt.



(2) Penetrative Convection With Two Immiscible Ma-
teria18

ACKNOWLEDGEMENT

In this example, en initially layered oyotem (light over heavy;
Ap/p = 0.4) in rztablirrhed in em annuluz to represent a pos-
sible early earth chemical compozitiond structure. The tem-

perature prdk is initially uniform and hot in the intdor
(T = 1) with a hear decrease to O over the OU~ 6 nodez.
A dnite dithrence mesh of 96 cells radhlly and 766 cells W-
imuthdly is used for the mlutions of Eqnz. (6) end (7). The
R8yleigh number is 10’, which is believed to be the to the
present tvcrzge certh VSIUC.The interest is iil knowing when
and how lar~ ocale convection evolves, Fig. 3a shows the ini-

tial location of the interface separating light from heavy m~

terial. The mrbsequent evolution at 2 billion and et 3 billion

ymrz, as calculated using front-trecking with the 9nite dif-
ference -spectral method described earlier, are shown in Figs.
3b and 3c. At early times, ccmection ia ratncted to the up

per parL of themantle. Am the interior i- cooled, convective
motirm penetrates fmthcr, and adjacent celh codeace into
lsrgcr cells. The interface is getting strongly listormd; mme
srction# are crossing a single mesh cell several times. The
pattcm in Fig. 3C in to be contrasted with the concentration

field shown in Fig. 3d, which ohows concentration contours
whrn using only the Rnite difference solution for Eqn. (7)

rat hm than thefront tracking scheme. The drarp interfaces
of Fig. 3C separating the two immiscible meterids has bc-
conw difluac in Fig. 3cI. The general features of thek in
both cases are simil~”. but as time goes on, the mre using only
thr finite difference method begins to deviate more and more

becm.me thebuoyamy term in Eqn, (1) is diverging from the
vduc provided by the more accurntc front. tracking algorithm.
By the cncl of the simulation, the interface has grown to in-
clu(lr over 80.000 particlew These results of couru depend

011 I hc inital conditions chosen. This simulation is intended

mtiuly to dcmrrnstrnte the vahrc of coupling a front-tracking
rdgorithm to a fimtr difference solution. Three dimmziond
cnlrulatims using the interface tracking Bchernc end several

rulrri~rr Or Jiffrri:lg density Md ~iscoaity m planned in the
futurr to &ddWhS the fnte of suhc!ucting MM ill the vicinity

of tlw m.rth”ri 670 km rlimmtinuity.

CWNCL[1S1ON

ThI’ IIIIWIII of nliIlt’rr[~nll~lltc’rs nmrl thr combination of vrui-
~jiN II .nlrrirrd mrtlmrls [O mmtr hyhrid zchermw is allowing

ilk III qlllllllnlr ?. l’) IUI(I 3 1) IIIIMII*]R nf gcqq)]}ynic~ r~llvr~li(,n

kyshvII+ N n ht.] of drlmi] MI! rr~irfrn not pnmihlr just h

fr~ :riuh n~(l Thw arr stilldmllrnging prohlcnm ahrnd ill
I}nl,lt’ling.mild M fintling I rldy r+lir-irnl mrthwh for itwlml.
IIIg highly vnrintjlr vinrf~ity, nonlinmr rhrology, and plntc

tn rkkIllg irl (MMmtrth Illmlrls. hl’wing mmh mrthmln, which
IVIIllllilw lINI hml frnl urrh of fmilr ditfrrrnm MICI fh:ilr +

IIWIIInlqmmmmt i(ms With thr arlvsnt~m of Lagrmugian NM!

fl (ml trnrkillK Idgimil Ium priMdy JMIM dir nkqit prrmiw for

I lr;l~ill~ IIN..U, dl!lirult Illillllrllls
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